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Spectral Factorization in Periodically Time-Varying Systems
and Application to Navigation Problems

T. NISHIMURA*
Jet Propulsion Laboratory, Pasadena, Calif.

Spectral factorization is a powerful tool in deriving the steady-state solution of Kalman filtering equations.
1t is an algebraic, nonrecursive method, thus economical in terms of computing cost, when compared with the
conventional iterative algorithm. In this paper the technique is extended to time-varying systems having
periodic coefficient matrices for both discrete and continuous systems. The tracking of low-thrust spacecraft
from an Earth-based station is used as an example and a sensitivity study is performed using a computer

program incorporating the algorithm.

Introduction

ALMAN filters! have been widely employed for tracking of

spacecraft in various interplanetary missions. Two-way
or three-way Doppler links between spacecraft and Earth-
based tracking stations have been the major source of
information in determining spacecraft coordinates. Ranging
has also played an important role in recent years.

Unmodeled random accelerations acting on the spacecraft
introduce inaccuracies in these orbit determination problems.
Examples of such accelerations are random fluctuations of
solar pressure and leakage from attitude control valves during
ballistic missions and small perturbations in thrust level in the
case of low-thrust missions. Because of such unmodeled
accelerations, orbit determination precision reaches a mini-
mum, some time after the start of tracking; then improvement
in precision cannot be expected unless the spacecraft Earth
station geometry changes significantly or a new type of in-
formation, such as range data, is supplied.

Therefore it is of utmost importance to find out such
limiting accuracies for the particular tracking system. One
way of determining these limiting values is to run the sequen-
tial filtering program long enough on the computer until the
covariances reach a steady state. However, this may be very
expensive if the convergence of filters is very slow.

Analytic solutions?*** employ eigenvector, eigenvalue sub-
routines in finding the steady-state solution of Kalman filters
without iteration for constant coefficient systems. This ap-
proach is called spectral factorization because it corresponds
to the same operation in static filters. In this paper, the
spectral factorization algorithm is extended to periodically
time-varying cases for both discrete and continuous systems.

Spectral Factorization for
Periodically Time-Varying Systems

The dynamic equation for the parameter vector x(n X 1)
and the equation for the observable y(m x 1), for discrete
systems are:

x(k + 1) = 0(k)x(k) + Gk)w(k) 68}
y(k) = H(k)x(k) + n(k) )

where w and n are independent, white noises with zero mean.
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Hence

Elw(w(j)T= Q(Kk)dy; 3
EQ(k)(j)] = R(k)dy, @

and &,; is the Kronecker delta and E[ ] indicates an ensemble
average.

The error covariance P(k) of the optimal estimate of x(k)
is provided by*':

Pk + 1) = ©k){P(k) — P()H () [H(K)P()H (k) + R(K)]™*
- HOPUOP' (k) + G)QK)G(k) (5)

with the initial condition:
P(0) = E[x(0)x"(0)] (6)

Equation (5) converges to a unique steady-state solution,
provided the system is uniformly observable and controllable.*
Assuming this observability and controllability condition is
satisfied, this unique steady-state solution is derived in Ref.
(3) for the case when the system is time-invariant and noises
are stationary by means of the canonical decomposition of the
Riccati equation. Specifically, Eq. (5) reduces in this case to

P=0{P— PH'(HPH’ + R)"'HP}®" +- GQG’ @)

Let a matrix 4A(2n X 2n) be constructed by the coefficient
matrices of Eq. (7) such that

OTHRTH 1 0
_ [AA] ®

Also let T(2n x 2n) be a matrix of eigenvectors of 4 and let it
be partitioned similar to 4. Then the solution of Eq. (7) is
obtained in Ref. (3), as described by the following theorem.

[(I) + GQG'O''H'R'HIGQG ’@"‘]

Theorem 1 Steady-State Solution for Discrete Time-Invariant
Systems

A real, symmetric, non-negative definite solution of P of
Eq. (7) can be uniquely determined by arranging the submatrix
[T::iT21]such that it consists of eigenvectors of A4, correspond-
ing to eigenvalues that lie outside the unit circle around the
origin of the complex plane, assuming all the eigenvalues of 4
are distinct and not lying on the unit circle. Then P is com-
puted as a ratio of T, and T3,, assuming that T3, is non-
singular:

P=T,Tn" )
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In this paper the algorithm is extended to time-varying
systems having periodic coefficient matrices for both discrete
and continuous systems. Let the matrices ®(k), H(k), G(k),
R(k), and Q(k) in Eq. (5) be periodically varying in time, with
period L. Then, the steady-state solution of Eq. (5) is also
expected to be periodic, with the same period L. Such a
periodic solution is provided by the following theorem. Let
the matrix B(k, 0)(2n X 2n) be constructed by

B(k,0) = Ak — DAk —2)... A(0),0 <k <L
B(0,0) =1
where A(i) is given by Eq. (8) in which all the matrices are

taken at the ith instant. Also let T(L)(2n x 2n) be a matrix
whose columns are composed of eigenvectors of

B(L,0)=A(L—1)A(L—2)... A0) (11)

and let its left half [T%,(L); T>:(L)] be composed of eigenvectors
corresponding to eigenvalues outside the unit circle around
the origin, on the complex plane, assuming all eigenvalues are
distinct and not lying on the unit circle.

10)

(I: an identity matrix)

Theorem 2 Steady-State Solution for Discrete Periodic Systems

A periodic steady-state solution of Eq. (5) at the instant L,
assuming that 77,(L) is nonsingular, is given by:

P(L) = T, (L)T2 (L)~ (12)
At other instants
P(L + k) = [Bl 1(k, O)Tu(L) + B12(k, O)TZI(L)]

« [Bailk, 0)T11(L) + Baolk, 0T, (L)]"  (13)
k=0,1,2,...,L—1

The proof of Theorem 2 is given in the Appendix. The

solution matrix P(L + k) given by Eqgs. (12) and (13) is a real,
symmetric and non-negative definite matrix and it is a unique
solution of Eq. (5) with periodic coefficients. These proper-
ties of P(L + k) can be proved in a manner similar to the proof
of Theorem 1 given in Ref. 3. Furthermore, the results of
Theorem 2 can be extended with minor modifications, to
continuous systems.

Extension to Continuous Systems

The process equation and the observation equation for
continuous systems are, respectively:

dx(t)/dt = F()x(t) + G()w(t) (14)
W) = H()x(t) + n(t) 15)

The covariance P(r) of estimate x*(r) is given by the follow-
ing equation
dP[dt = F(t)P(t) + P()F'(t) —
P(OH(YR@) T H@®PE) + G)RWG () (16)
When the coefficient matrices F, G, H, Q, and R are periodic,
with period ¢,, the steady-state periodic solution of Eq. (16)
can be obtained analogous to the discrete case.t

Only the final results are given in this section. Let the
transition matrix B(z, s)(2r X 2n) be defined by

dB(t,5)/dt = A(t)B(t,5)

¢
B(s,s) =1 t>s5>0
where A matrix (2n X 2n) is constructed as
_ | F@), GQG'(r)
A= [H’R“H(t), —F’(t)] a8

T When these coefficient matrixes were constant, the steady-state
solution was derived by Potter.*
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Let T(z,) be a (2n X 2n) matrix composed of eigenvectors of
B(¢,,0) and let its left half T;,iT., be composed of eigenvectors
corresponding to eigenvalues having positive real parts,
assuming that all the eigenvalues are distinct and not lying on
the imaginary axis on the complex plane.

Theorem 3 Steady-State Solution for Continuous Periodic Systems
A periodic steady-state solution of Eq. (16) is given by
P(ty) = T1:(t5) 1217 (20) (19
and
P(t + t,) = [B1:(£,0)T11(2,) + B12(1,0)T21(2,)]
[B21(1,0)T11(25) + B22(1,0)T2a (1)) 1

This theorem can be proved by steps similar to the case of
discrete systems; however, the proof is not presented in this
paper.

(20)

Information Content of Doppler Data

It is well-known that the “velocity parallax” effect, due to
the tracking station’s rotation with the Earth, enables us to
determine the position of a distant spacecraft, in the directions
of right ascension and declination, by means of two-way
Doppler tracking. The major information content of Doppler
data may be expressed as’®

p=a-+ bsin wt+ ¢ cos wt @1

where (see Fig. 1) p = Doppler data; a = geocentric radial
velocity ; b = (— wr; ¢os 8); ¢ = (wrsa cos §); w = rotation rate
of the Earth; r; = distance between the station and the spin
axis of the Earth; and « =right ascension of the spacecraft;
& = declination of the spacecraft.

Equation (21) indicates that the range rate of a spacecraft,
which is moving with a constant speed radially away from the
Earth, is composed of one constant parameter (radial velocity)
and two periodically time varying parameters (Fig. 2). Fixing
a Cartesian coordinate system, as shown in Fig. 1, at the
starting time of tracking, the instantaneous position and
velocity of a low-thrust spacecraft is described by:

*((k 4+ DT) = ©x(kT) + Gw(kT) 22)
where
=0,y 2 %9 2 (23)
“E
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Fig. 1 Geocentric coordinate system,
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Fig. 2 Typical Doppler data pattern.

O = [(I) 7; I] ;1 =(3 x 3) identity matrix 4

Ww = (wx, Wy, w.)(3 components of random acceleration)
T = discrete period.

On the other hand, the information y, which is a deviation
of the range-rate from its nominal value, is given by

ykT)=HET)X(kT) + n(kT) (25)
where
H(kT) =0, Bsin w(kT), y cos w(kT),1,0,0};  (26)
n(kT): data noise

B = (wrfro) €os 6o} v = (— wrfro) sin 8y
ro = geocentric range of spacecraft at o
&, = declination of spacecraft at £,

We observe in Egs. (24) and (26) that the transition matrix
@ is constant, but the observation matrix is periodic (with the
period equal to the single pass-width of data). Therefore, the
result of Theorem 2 can be applied to the system described by
Eqgs. (22) and (25), in order to obtain the steady solution of the
Riccati equation.

The range of magnitude of the process noise discussed in
this paper is 1078 ~ 5 x 1072 cm/sec? where®

ballistic range, where
the acceleration due
to random solar
disturbance and gas
leakage are of this
order.

oy, = 1077 ~ 107% cm/sec?

low-thrust range,
where errors of thrust

0y ==0.5 X 107* ~ 0.5 x 1073 cm/sec? power of the solar
electric engine are of
this order.

Computer Program and Numerical Results

A computer program was developed in which Theorem 2
was applied to the periodically time-varying system described
by Egs. (22) and (25). First, the matrix 4 in Eq. (8) was
obtained, using the ®, H, Q, and R matrices defined in
Egs. (14). Then, the product of the 4 matrices over one
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pass of tracking (a 12 hr pass was used in this paper) was
computed as the B matrix in Theorem 2.

Existing complex eigenvalue, eigenvector subroutines were
applied to this B matrix and the associated eigenvalues and
eigenvectors were obtained. Then one half of the eigen-
vectors corresponding to the eigenvalues lying outside the unit
circle were used to form a submatrix [7}:7%;]. Finally the
matrix ratio Ty;7,,”' was computed as the steady-state
solution P(L) of the tracking system described by Egs. (22)
and (25).

Further, an ordinary sequential program was built in which
Eg. (5) was solved iteratively, starting from certain a priori
covariance matrix, in order to verify the results of the spectral
factorization program. Table 1 shows an example of com-
parison between these two programs.

Table 1 indicates a 3-place agreement of numbers and more
precise agreement can be expected if computation of the
sequential program is continued beyond 400 passes. How-
ever, even for 400 passes, the computing cost of the sequential
program was 20 times larger than that of the spectral factoriza-
tion program. This proves the accuracy as well as efficiency
of the latter.

It is worthwhile to mention that a 5 ~ 109 agreement was
reached after 200 passes. Hence the computation cost for the
sequential program would be at least 10 times as much as that
of the spectral factorization program. The steady-state
solution during the period can be computed by Eq. (13) after
having obtained the values at L by Eq. (12). Since the major
portion of computing time of this program is consumed in
finding eigenvalues and eigenvectors, the additional computing
cost required by matrix division in Eq. (13) is relatively small
since eigenvectors have already been derived in Eq. (12).

In general, the settling time of the sequential program is
closely related to the eigenvalues of the B matrix, since they
dominate the transient performance of the filter.* If an
eigenvalue of B is described by

A=a+jBi i=1,...2n @n

then the transient of the filter becomes a function of (A.),
i=1,...2n, at time kL7T. Therefore the settling time #, of
the filter may be defined as

t = max [2/log («? + )] - LT 28

This ¢, was used as the maximum running time of the sequen-
tial program.

Using this spectral factorization program, various sensitivity
studies are made, varying parameters such as standard devia-
tions of process noise and data noise, correlation time of
process noise and the radial distance to the probe and the
results are depicted in Figs. 3-8.

Analysis of Rectilinear Motion
and Sensitivity Study

Although the Doppler data taken at the ground station
essentially supplies the information on the radial velocity of
the probe, it also contains some information on the lateral
position in the direction of right ascension, as well as of de-
clination [b and ¢ in Eq. (21)]. Such positional information
plays the role of range data in the lateral directions.

Table 1 Comparison between spectral factorization and sequential program®

o,(km) o(km) o ;(mm/sec) o;(mm/sec) o;(mmy/sec)
Spectral factorization 508.755 575.172 0.803337 8.65450 9.01646
Sequential program 508.952 575.397 0.803331 8.66149 9.02821

“ Throughout this paper we assume that the radial distance x to the spacecraft is known accurately at the beginning of tracking by means of ranging; hence, a small

a priori value is assigned to o, when the sequential program is used.
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Therefore, a simplified analysis of a ranging system for a
probe in rectilinear motion is useful in acquiring an insight
into the basic structure of the tracking system discussed in this
paper and a sensitivity study may be performed analytically
using such a model.

Let the position and speed of a spacecraft in rectilinear
motion be 7 and 7, respectively, and let us assume that the
range data y is supplied at every interval 7. Then the process
and data equations for such a tracking system are:

itk + DT) =7 T) + Tk T) 29
Nk + DT =HkT) + wlkTHT (30)
(kT) = hm(kT) + n(kT) @3N

where % and 7 are, respectively, the position and speed of the
spacecraft and w and » are process noise and data noise, with
respective standard deviations o, and o, The data partial &
is assumed constant. Then, a discrete Kalman filter for this
system may be designed according to Ref. (1), and the error
covariance P is provided by Eq. (5), and its steady-state
equation by Eq. (7).

Let #* and 7* be the estimates of  and %, respectively, and
let

P11 = E[(n* — n)?] (32)
P12 = E[(n* — (@™ — )] (33)
P22 = E[(* — %)?] (34)

Then from Eq. (7)

D11 = [PT?*(p11p22 — p12?) + 0.2 (Prs + 2Tp12 + Tp22)l/A

(35)
P1z = [PT(p11p22 — p12?) + 0.2 (P12 -+ p22T))/A (36)
P22 = [F(p11P22 — p12*) + 0.°p22)/A + 0,2 T? (37
where

A =hpis+ 0. (3%)

Further manipulations of Egs. (32-38) yield
put =02 T*(puy + 02 [h?) (P11 + 20,2 h?)* (39)
P12 = 0, T(pus + 0. [h*)* (40)
P22 = 0w(p11+ pr2T)(p11 + 02 [h*)} “n

Under certain assumptions several important conclusions
can be drawn from these equations:

I Case of p,; < 0,2/h>
Under this assumption
Gl = (p1)? ~ 020> *T R (42)
G = (p22)t ~ 0, *0, AT 34 R34 “43)

In other words: 1) Standard deviation of positional estimate
is proportional to; a) fourth root of standard deviation of
process noise, and b) three-fourth power of standard deviation
of data noise; and 2) standard deviation of speed estimate is
proportional to: a) three-fourth power of standard deviation
of process noise, and b) fourth root of standard deviation of
data noise.

The most important result is 1a and this can be seen in Fig. 3
because, in the ballistic range of o,, the inclination of curves
is approximately 1/4. This confirms that &, , ~ o,% Also
Fig. 4 shows that 6;; ~ ¢,%* in the same range of o,,.

Although these figures are the results of spectral factoriza-
tion applied to the general three-dimensional problem, the
analysis of the rectilinear one-dimensional case can be used
qualitatively for the purpose of sensitivity study.
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Fig. 5 Lateral position uncertainty vs data noise.

Figure 5 shows the relation between lateral position un-
certainty and data noise. It shows that &, ~ 0,>/%, as
indicated in Eq. (42). Also Fig. 6 shows the relation between
lateral velocity and data noise and verifies that 6;,; ~ ¢,*. The
radial speed uncertainty &; behaves quite differently from the
other two parameters in Figs. 4 and 6. According to Ref. 8,

STANDARD DEVIATION OF SPEED, cm/sec

o = 10—6 ::mAm:2 1
¢ T = 15 min ~
4 80 = 5°8 —

= 10" Km
2 —
1078 1 1 I ! i
0.1 1 10 102 10° 10? 10°

DATA NOISE, oy mm/sec

Fig. 6 Speed uncertainty vs data noise.
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the steady-state solution of radial speed estimate with Doppler
data is described by

6: ~ T(o,04)?; o4 =standard deviation of Doppler count
“4)

Or, in other words, the uncertainty of radial speed is pro-
portional to the square root of the standard deviation of
process noise and also of data noise. The curves of &; in
Figs. 4 and 6 confirm this relation.

Since o, in Eq. (42) represents Doppler data noise, smoothed
over the sampling period 7, it is related to the noise of Doppler
count o4 by

0.2 = 0°T./T; T.=count time 45)

Also, & is the partial of the Doppler data with respect to the
displacement of the spacecraft. In the case of right ascension

h = (wrfro) cos S (46)
Substituting these two relations into Eq. (42) yields:
6, ~ ko oMot TE @7
k = constant containing w, rs, T, ...

The above relation reveals the facts that

1c) Standard deviation of positional estimate is proportional
to three-fourth power of radial distance r, to the probe and

1d) Standard deviation of positional estimate is proportional
to one-eighth power of the sampling period 7.

Figure 7 shows the relation of 1c in which &,,. ~ ro**.  Also
Fig. 8 indicates the relation of i) —d), namely, that
&,,~ T8, Usually, this discrete period T is taken to be
approximately equal to the correlation time of process noise
and so, the relation i) — d) implies that positional estimates
are rather insensitive to the variation of correlation time of
process noise in the ballistic range (lower curves). For a
larger process noise they become more sensitive to T (upper
curves).

II Case of py; > 0,2/h?

In this case the solution of Eq. (39) is reduced to

&, =(p1)t ~ 0, T? (48)
6, = (p22)t ~ 0, T 49)

Therefore, 3) standard deviation of positional estimate is
proportional to: a) standard deviation of process noise and
b) square of discrete period T; and 4) standard deviation of
speed estimate is proportional to a) standard deviation of
process noise and b) discrete period 7.

In Fig. 2 we observe an upward turn of curves of &, and &
in the low-thrust range and the inclination of these curves
indicates that &,,. ~ 0., as stated in 3a. Also a similar up-
turn of curves is seen in Fig. 3 where &;,; ~ 6., confirming 4a.

Effect of Radial and Lateral Velocity

In the preceding analysis, a stationary model for the space-
craft was adopted. Namely, it was assumed that the radial
distance to the probe v, right ascension « and declination 6 did
not change very much from their respective original values
¥o, o, and &, over the period of estimation.

If the radial velocity 7 is large, the change of radial distance
over the period of estimation cannot be ignored. This in-
crease of radial distance reduces the partials with respect to
lateral positions, thus effectively reducing the information con-
tent concerning these parameters. However it has been
shown in the preceding section that the steady-state position
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Fig. 7 Lateral position uncertainty vs distance to probe.

errors are proportional to the three-fourth power of the radial
distance to the probe. If the steady-state position errors are
increased by the factor of (r/ro)®'4, then, particularly if r is
taken at the terminal time of the estimation period, the out-
come will provide approximate values of steady-state solutions
at the end of estimation period. This has been confirmed by
comparing the results of the spectral factorization program
with those of the sequential program.

When the spacecraft has significantly large lateral velocities,
the problem is more complicated. The assumption of the
periodically varying partials matrix does not hold any more.
However, the resuilts of the sequential program show that the
aforementioned compensation with regard to radial distance
improves the results of the spectral factorization program and
brings it reasonably close to those of the former program, as
long as the lateral velocities are not too large.

2 / .
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Fig. 8 Lateral position uncertainty vs discrete period.
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Conclusion

The spectral factorization technique which produces the
steady-state solution for Kalman filters has been extended to
the periodically time-varying case for both discrete and con-
tinuous systems. Since this is an algebraic algorithm employ-
ing existing eigenvalue, eigenvector subroutines, it does not
require time-consuming, expensive iterations of sequential
covariance equations in order to reach the final solution. The
simple and economical computer program which results is
suitable for the sensitivity study which is of significant im-
portance in formulating the navigation and guidance strategy
for low-thrust missions. This sensitivity analysis will con-
tribute greatly in establishing an optimum tracking pattern
for such missions.

Appendix

Proof of Theorem 2

First assuming Eq. (12) is true, Eq. (13) is proved. When
k=0, Eq. (13) is valid because B(0,0)=17. On the other
hand, according to Egs. (10) and (8)

Bii(k + 1,0) = [@(k) +- N DM (K)1B1.1(k,0) + N ®(k)B..1(k,0)

(A1)
By (k + 1,0) = [O(k) + N O M (k)] By1.(k,0) + N D(k)B.2(k,0)

(A2)
B, (k + 1,0) = ® .M (k)B:1(k, 0) -+ ®(k)B,1(k,0) (A3)
Bas(k + 1,0) = © M (k)B1.(k,0) + ©.(k)B,.(k,0) (A4)

where
N=GQG’, M =H'R-*H, ®, = (0"~}
However from Eq. (13)

P(L+ k+1)=[By:(k+ 1,0071:(L) + By2(k + 1,00T%,(L)]
[Ba(k + 1,007, (L) + Bsa(k + 1,00, (L)} !
(AS)
When the relations of Eqgs. (A1-A4) are substituted into the

above equation, the following result can be derived after some
matrix manipulations.

P(L + k + 1) = Ok){[B21(k,0)T11(L) + B22(k,0)T21(L)]
- [Bi1(k,0)Ty (L) 4 B12(k,0) T, (L)] 7!

+ M (k)}@' (k) + N(k) (A6)
The first term inside the larger parenthesis is nothing but
P(L + k)~* according to Eq. (13). Thus, the above equation
reduces to

P(L+ k+ 1) = QENP(L+ k)~' + M) (k) + N(k)
(A7)

This is an alternate form of Eq. (5), if the periodicity of coeffi-
cient matrices is taken into account.

Therefore Eq. (A6) is valid at the instant k 4 1, if it is valid
at k. Hence, by means of induction, Eg. (13) can be proved
foralk=1,2,L—1.

Now letting k = L in Eq. (13) yields

PQL) = [B11(L,O)T11(L) + B1(L,0)T>:(L)]
‘ [le(L,O)T1 1(L) + Bzz(L,O)Tzl(L)]_l (AS)

Since T matrix is composed of eigenvectors of B, it can be
described

B(LO)T(L) = TA (A9)
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or
B, 1(L,0),B1 2(L,0) T, 1(L), T z(L)]
B21(L,0),B22(L,0) | | T21(L), T22(L)

[Tu@ T@] [A 0
Tl lo A,

] (A10)

where A, is a diagonal matrix consisting of eigenvalues of B
lying outside the unit circle while A, is a diagonal matrix con-
sisting of eigenvalues lying inside the unit circle.

Then

Bi(LOT11(L) + B (LO)T2(L) = Ty (L)A, (Al1)
By (LO)T (L) + By2(L0)T5 (L) = Toy(L)A4 (A12)
Using these relations P(2L) in Eq. (A8) can be reduced to
PQL) =T\ (L)T, (L) *
=P(L) (A13)

Therefore, after L instances, the solution of P returns to the
starting value P(L). This proves that P(L) given by Eq. (12)
is a periodic solution of the recurrence Eq. (5). The solutions
at the other instants are described by Eq. (13).
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